In this paper, some new families of integral trees with diameters 4, 6 and 8 are given. All these classes are infinite. They are different from those in the existing literature. We also prove that the problem of finding integral trees of diameters 4, 6 and 8 is equivalent to the problem of solving Pell's diophantine equations. The discovery of these integral trees is a new contribution to the search for such trees.
I. Introduction
All graphs considered here are simple. For a graph G, let V (G) denote the vertex set of G and E(G) the edge set. All other notation and terminology can be found in [1] [2] [3] .
The notion of integral graphs was first introduced by F. Harary and A.J. Schwenk in 1974. A graph G is called integral if all the zeros of the characteristic polynomial P (G, x) are integers. The 23rd open problem of reference [4] is about trees with purely integral eigenvalues. All integral trees with diameters less than 4 are given in [4, 7] . Results on integral trees with diameters 4, 5, 6 and 8 can be found in [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
Various families of integral balanced trees were studied in [4] [5] [6] [7] 13, 14] . A tree T is called balanced if the vertices at the same distance from the center of T have the same degree. According to the parity of the diameter of a tree, balanced trees split into two families. We shall code a balanced tree of diameter 2k by the sequence (n k , n k−1 , · · · , n 1 ) or the tree T (n k , n k−1 , · · · , n 1 ), where n j (j = 1, 2, · · · , k) denotes the number of successors of a vertex at distance k − j from the center. Let the tree K 1,s • T (m, t) of diameter 4 be obtained by identifying the center w of K 1,s and the center v of T (m, t). Let the tree K 1,s • T (r, m, t) of diameter 6 be obtained by identifying the center w of K 1,s and the center u of T (r, m, t). Integral trees T (r, m, t), K 1,s • T (m, t) and K 1,s • T (r, m, t) were investigated in [5] [6] [7] [12] [13] [14] .
In this paper, some new families of integral trees with diameters 4, 6 and 8 are given. All these classes are infinite. They are different from those of [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . We also prove that the problem of finding integral trees of diameters 4, 6 and 8 is equivalent to the problem of solving Pell's diophantine equations. This is a new contribution to the search for integral trees. We believe that it is useful for constructing other integral trees.
The following Lemmas 1 and 2 can be found in [1] .
Lemma 1 Let G 1 ∪ G 2 denote the union of two disjoint graphs G 1 and G 2 . If u ∈ V (G 1 ), v ∈ V (G 2 ) and G = G 1 ∪ G 2 + uv, then
Lemma 2 Let G be a graph. If u ∈ V (G), v ∈ V (G) and G * = G + uv, then
The following Lemmas 3 and 4 can be found in [5] .
Lemma 3 1) P (T (m, t), x) = x m(t−1)+1 (x
2 − t) m−1 [x 2 − (m + t)]. 2) P (T (r, m, t), x) = x rm(t−1)+r−1 (x 2 − t) r(m−1) [x 2 − (m + t)] r−1 ×[x 4 − (m + t + r)x 2 + rt].
Lemma 4
The tree T (r, m, t) of diameter 6 is integral if and only if both t and m+ t are perfect squares, and
Clearly the following result in [13] and [14] is a corollary of Lemma 4.
Corollary 1 The tree T (r, m, t) is integral if and only if
The following Lemmas 5, 6 and 7 can be found in [12] .
Lemma 6
The tree K 1,s • T (m, t) of diameter 4 is integral if and only if t is a perfect square, and
Lemma 7
The tree K 1,s • T (r, m, t) of diameter 6 is integral if and only if t and m + t are perfect squares, and 
Proof We assume that the vertex u is the center of the tree T (r, m, t), and the vertex w is the center of the tree T (q, r, m, t). Suppose that
By Lemma 1, we know that
By induction on q, we have
where the graph T (1, r, m, t) denotes a tree by joining the center of the tree T (r, m, t) to a new vertex w. By Lemma 2, we have
By Lemma 3, we have
Thus, the theorem is proved.
Corollary 2 If q = t, then the tree T (q, r, m, t) is integral if and only if all t, m + t and m + t + r are perfect squares, and
The following result in [13] is a corollary of Theorem 1.
Corollary 3 The tree T (q, r, m, t) is integral if and only if
t = k 2 , m = n 2 + 2nk, r = a 2 b 2 k 2 ,q = c 2 d 2 −a 2 b 2 (n+k) 2 , where a, b, c, d, k, n are positive integers satisfying (k 2 − b 2 )(a 2 − k 2 ) = k 2 (n 2 + 2nk), c 2 + d 2 = (n + k) 2 + a 2 b 2 k 2 + c 2 d 2 − a 2 b 2 (n + k) 2 , and b < k < a.
II. Some facts in number theory
Lemma 8 If a, b, c and d are real numbers, then
Proof It is easy to check.
The following Lemmas 9, 10, 11 and 12 can be found in [15] .
Lemma 9
An odd prime p can be expressed as the sums of two squares if and only if p ≡ 1(mod 4). Moreover, the unordered sum of such two squares is unique.
Lemma 10 Every positive integer m can be uniquely expressed as m = k 2 l, where k 2 is a square, and l is 1 or can be written as the product of primes. Then, m can be written as the sums of two squares if and only if l = 1 or each prime divisor p of l is the form p ≡ 1(mod 4). Lemma 12 There are infinitely many primes of the form p ≡ 1(mod 4).
The following Lemma 13 can be found in [2] .
Lemma 13
If x > 0, y > 0, z > 0, (x, y) = 1 and 2|y, then all solutions of the diophantine equation
where (r, s) = 1, r > s > 0 and 2 |r + s. 
Proof By Lemma 11, N can be expressed in the form (1). By Lemmas 8, 11 and
then N can also be expressed in the form (1). For the proof of the existence of N satisfying all other conditions of the theorem, we simply list the following examples. ( For Theorem 2, we raised the following problems, which are not only useful for the finding of integral trees but also interesting purely as problems in number theory.
Problem 1 Find all the solutions of positive integers for the diophantine equation
such that x|zw or y|zw, where z > x, y > w, (x, y) = 1 and (z, w) = 1.
Problem 2
For Problem 1, we conjecture that there are infinitely many solutions for diophantine equation (2) . In particular, if N is a perfect square, is it true?
Problem 3 Find all solutions for Problem 1, for special
The motivation to raise the above problems is as follows. (i) Construct the integral trees T (r, m, t) and K 1,s • T (m, t) from any positive integer solution of diophantine equation (2) . (ii) Construct the integral trees K 1,s • T (r, m, t) and T (s, r, m, t) from any positive integer solution of diophantine equation (2) of the second part of Problem 2 above. So, it is very important to find all solutions of diophantine equation (2) .
For Problem 1 and the first part of Problem 2, we shall give an affirmative answer from the following two different ways.
On the one hand, we find infinitely many solutions of the diophantine equation (2) for Problem 1.
Theorem 3 Let k be any positive integer, and let u > 1 be even. Construct x, y, z and w by one of the following formulas.
(
2 + 30k + 7, y = 18k 2 + 18k + 4, z = 36k 2 + 36k + 8 and w = 18k
and y|zw, where (z, w) = 2, (x, y) = 2.
We assume that (z,
We assume that (x, y) = m = 1, 2. Then m|x, d|y = 2u(u + 1)(u − 1). We know that there exists m 1 = 1, 2 such that m 1 |m. We discuss the following three cases. Hence, m 1 |x. This is a contradiction. Therefore, we have that (z, w) = 1 and (x, y) = 1. For (2) and (3), it is easy to check by this similar method.
Remark 2
In fact, we note that it is not easy to find all the solutions of positive integers of the diophantine equation (2) 
Theorem 4
Let k, u and q be any positive integers, and u > 1 be odd. Construct x, y, z and w by one of the following formulas.
Proof
It is easy to check.
On the other hand, we only discuss the case y|zw for diophantine equation (2) of Problem 1. The following cases are distinguished.
(i) If (y, w) = 1, let z = cy; then diophantine equation (2) is changed into
Now, we assume that w = 1; then diophantine equation (3) is changed into
(ii) If (y, w) = h, let y = hY , z = cY and w = hW ; then diophantine equation (2) is changed into
where c > h, c and h are positive integers, and c 2 − h 2 is not a perfect square.
Remark 3 If z = w, then diophantine equation (2) is changed into
From [5, 7] , one can find all solutions of diophantine equation (6) . Also, from any positive integer solution of equation (6) one can construct integral trees T (r, m, t) of diameter 6 and K 1,s • T (m, t) of diameter 4 in [5, 7, 12] . Now, by the following results for diophantine equations in Number Theory, we shall study whether there exist solutions for diophantine equations (3), (4) and (5).
The following Lemmas 14 and 15 can be found in [2] . Lemma 14 Let x 1 , y 1 be the least positive solution of the diophantine equation
where d (d > 1) is a positive integer that is not a perfect square. Then all the positive solutions x k , y k are given by
for k = 1, 2, 3, · · ·.
Lemma 15
Let u, v be the least positive solution of diophantine equation (7), where
is a positive integer that is not a perfect square. Then the diophantine equation
has solutions if and only if there exist positive integer solutions s and t for the equations
and moreover s and t are the least positive solution of diophantine equation (9) .
The following Lemma 16 can be found in [3] .
Lemma 16 Let x 1 , y 1 be the least positive solution of diophantine equation (9), where d (d > 1) is a positive integer that is not a perfect square. Then (1) All the positive integer solutions x k , y k of equation (9) are given by
for k = 1, 3, 5, · · ·.
(2) All the positive integer solutions x k , y k of equation (7) are given by
for k = 2, 4, 6, · · ·.
The following Lemma 17 can be found in [2] .
Lemma 17
(1) If there is a solution for the diophantine equation
where m is an integer and d (d > 1) is a positive integer that is not a perfect square, then diophantine equation (12) has infinitely many solutions.
(2) Let x 1 , y 1 be the least positive solution of diophantine equation (7). Let u 1 , v 1 be the least positive solution of diophantine equation (12) . Then all the positive integer solutions u k , v k of equation (12) are given by
Let x 1 , y 1 be the least positive solution of the diophantine equation
where d (d > 1) is a positive integer that is not a perfect square. Then all the positive integer solutions x k , y k of equation (14) are given by
Theorem 5
Let x 1 , y 1 be the least positive solution of diophantine equation (4), where c (c > 1) is a positive integer. Then all the positive integer solutions x k , y k of equation (4) are given by
Proof This follows directly from Lemma 14.
Theorem 6
If there is a solution for the diophantine equation
where c > h, c, h and w are positive integers, and c 2 − h 2 is not a perfect square, let x 1 , y 1 be the least positive solution of diophantine equation
Let u 1 , v 1 be the least positive solution of diophantine equation (17). Then all the positive integer solutions x k , y k of equation (17) are given by
Proof This follows directly from Lemma 17.
From Theorems 5 and 6, we shall construct infintely many Pell's diophantine equations from every identity in the list of Theorem 2.
Example 1 Note that 5×13 = 7
2 +4 2 = 8 2 +1 2 . Then we get the Pell's diophantine equation (4), where c (c > 1) is a positive integer.
Choosing c = 2, 3, 4, · · · , successively in the above diophantine equation (4), we get the following Pell's diophantine equations
Example 2 Note that 5×17 = 7 2 +6 2 = 9 2 +2 2 . Then we get the Pell's diophantine equation
where c (c > 2) is a positive integer and c 2 − 4 is not a perfect square. Choosing c = 3, 4, 5, · · · , successively in the above diophantine equation (20), we get the following Pell's diophantine equations
Example 3 Note that 13 × 37 = 16 2 + 15 2 = 20 2 + 9 2 . Then we get the Pell's diophantine equation
where c (c > 3) is a positive integer and c 2 − 9 is not a perfect square. Choosing c = 4, 6, 7, · · · , successively in the above diophantine equation (21), we get the following Pell's diophantine equations
The following Lemma 18 can be found in [2] .
Lemma 18
Let m be a positive integer; if 2 |m or 4|m, then there exist positive integer solutions for the diophantine equation
Remark 4
We shall give a method by the following case for finding the solutions of the diophantine equation (22). We discuss m. Suppose that m = m 1 m 2 . Let x − y = m 1 , x + y = m 2 and 2|(m 1 + m 2 ). Then the solutions of the diophantine equation (22) can be found.
III. Integral trees with diameters 4, 6 and 8
In this section, we shall construct infinitely many integral trees with diameters 4, 6 and 8. These classes are different from those in [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
Theorem 7
Let m 1 , t 1 , r 1 , a, b, c and d be positive integers satisfying the following conditions: 
2 , r = r 1 n 2 and r 1 = a 2 . Then T (r, m, t) is an integral tree with diameter 6. (2) If b|cd, for any positive integer n,
is an integral tree with diameter 6.
Proof By Lemma 4 and Theorem 2, this is easy to check.
Example 4
Note that 5 × 13 = 7 2 + 4 2 = 8 2 + 1 2 . From Theorem 7, if we let t = 4n 2 , r = 16n 2 and m = 45n 2 for any positive integer n, then the tree T (r, m, t) is an integral one with diameter 6. Its sprectrum is
If n = 1, we know that the tree T (16, 45, 4) is an integral one with diameter 6, the order of which is 3617, which is much smaller than those given in [5] [6] [7] [8] [9] .
In fact, by the same methods as in Example 4, we can construct a family of integral trees with diameter 6 from every identity in the list of Theorem 2. The family of integral trees given in Example 4 is obtained exactly from the first identity in the list of Theorem 2.
We also note that the integral tree T (36n 2 , 120n 2 , 49n 2 ) can be constructed from the identity 5 × 41 = 13 2 + 6 2 = 14 2 + 3 2 , which is Theorem 3 of [4] . 2 , m = 765n 2 and r = (56n) 2 for any positive integer n, then the tree T (q, r, m, t) is an integral one with diameter 8. Its sprectrum is
where a = 251841623040n
6 − 1016064n 4 + 1 and d = 1016064n 4 − 324n 2 . To our knowledge, this is the first time infinitely many integral trees with diameter 8 have been found. By setting n = 1, we get a minimal integral tree T (324, 3136, 765, 324) with diameter 8 in this class, the order of which is 252,619,928,389.
In fact, by the same methods as in Example 5, we can construct a family of integral trees with diameter 8 from every identity in the second half of the list in Theorem 2. All these classes are different from those of [13] .
Theorem 9
Let u and n be positive integers, and u > 1, s = 4u
2 ) are integral trees with diameter 4.
Proof By Lemma 4 and Theorem 3, this is easy to check.
Remark 6
We can also find that the tree T (sn 2 , mn 2 , tn 2 ) is an integral one with diameter 6 from Theorem 3 of [14] and Theorem 3.5 of [13] .
Theorem 10 Let k, q and n be positive integers; let m = m 1 n 2 ,t = t 1 n 2 , r = r 1 n 2 , perfect square, and Proof By Lemma 19, we know that
Let m 2 = c 2 ; then we get that
By (23) and (24) and Lemma 18, we have (ab+c)(ab−c) = (a 2 +b 2 −c 2 −r)(r−1+c 2 ). We assume that a 2 +b 2 −c 2 −r = ab− , and r−1+c 2 = ab+ , where ∈ {−c, c}, then we get (a−b)
The following result in [7] is a corollary of Theorem 13. 
Theorem 14 Let m
and k be a positive integer. If there is a positive integer solution a, b and c for the diopantine equation
then S(r, m i ) is an integral tree with diameter 4.
Proof By Lemma 19, m 2 is a perfect square. We have that
2 and a, b and c are positive integers solutions for the diopantine equation
Remark 9 (1) Let a > 2 be a positive integer; then x = a, y = a − 1 and z = a − 2 are positive integers solutions of the diophantine equation (26).
(2) Let z = 2; the diophantine equation (26) is changed
Then all the positive integer solutions x k , y k of the diophantine equation (27) are given by
The following result in [8] is a corollary of Theorem 14. We shall give this method by the following cases for finding the solutions of the diophantine equation (25). We discuss k and z. Choosing (1) k = z = 2, (2) k = 2, z = 3, (3) k = z = 3, · · ·, we get the following corollary. 
Corollary 6
For the diophantine equations (28), (29) and (30), they can be changed into the diophantine equations
Using Lemma 16 and Theorem 5, we get the following results.
(1) All the positive solutions x k , y k of the diophantine equation (31) are given by Proof It is easy to check by Lemma 6.
The following result in [5] is a corollary of Theorem 15. Finally, we point out that the second part of Problem 2 and Problem 3 remain open. We conclude this paper by asking the following:
Problem 4
Are there any integral trees with diameters 7, 9 or 10?
